Abstract. We review and apply Cheeger-Gromov theory on l 2 −cohomology of infinite coverings of complete manifold with bounded curvature and finite volume. Applications focus on l 2 −cohomology of (pullback of) harmonic Higgs bundles on coverings of Zariski open sets of Kähler manifolds. The l 2 −Hodge to DeRham spectral sequence of these Higgs bundles is seen to degenerate at E 2 .
1. introduction 1.1. In a series of articles, J.Cheeger and M. Gromov ([15] , [16] ....) extend Atiyah's theory of l 2 −Betti numbers of coverings of compact manifolds to coverings of complete manifolds of finite volume and bounded curvature. Let p : (X, g) → (Y, g 0 ) with g = p * (g 0 ) be a Galois covering of a Riemannian manifold of finite volume (Y, g 0 ) such that (X, g) is of bounded curvature and positive injectivity radius. Let Γ be the Galois group of p. Then Theorem 1.1.1 (Cheeger-Gromov) .
i) The unbounded operator
is Γ−Fredholm, and the Murray-Von Neumann Γ−dimensions of the harmonic spaces H i (2) (X, g) = Ker(d + d * ) |L 2 (X,Λ i T * (X)) are finite.
ii) The l 2 −Euler characteristic χ (2) iii) The l 2 −Betti numbers b i (2) (X, g) = dim Γ H i (2) (X, g) are homotopical invariants.
We recall that the Γ−equivariant operator A : L 2 (X, E, h) → L 2 (X, F, h ′ ) is Γ−Fredholm if the Schwartz kernels of 1 [0,ǫ] (AA * ) and 1 [0,ǫ] (A * A) are integrable on a fundamental domain of p, for some ǫ > 0.
In this article, generalisations of these statements are discussed for bundles of bounded curvature and applied to study the l 2 −cohomology groups of holomorphic bundles or harmonic Higgs bundles (cf. 6.1.3) over coverings of Zariski open sets of compact Kähler manifolds.
Our primary interest is related to property (i). Over a Kähler manifold, the Γ−Fredholm property of the Dirac operator ∂ + ∂ * made the statement of a Galois ∂∂−lemma possible: Theorem 1.1.2. Let p : (X, ω) → (Y, ω 0 ), ω = p * (ω 0 ), be a Galois covering of a complete Kähler manifold (Y, ω 0 ) of finite volume and bounded curvature. Assume that the injectivity radius of (X, ω) is positive. Then for any square integrable d−closed (p, q)−form α which is orthogonal to the space of square integrable harmonic forms, there exists an injective element r of the von Neumann algebra of M (Γ), and there exists a square integrable (p − 1, q − 1)−form β such that ∂∂β = r.α .
On a compact Kähler manifold, the ∂∂−lemma is fundamental for the development of Hodge theory ( [79, 27] ), and Mixed Hodge theory of Deligne ( [25, 26] ). Applications in the context of l 2 −Hodge theory were given in [30, 29] .
Property (i) will be generalised to a pullback by p : X → Y of any Dirac bundle (S, D, h) → Y of bounded curvature or to a pullback of a harmonic Higgs bundle (E, ∂, θ, h) → Y with bounded Higgs field. For the latter class, an analogue of the Galois ∂∂−lemma is stated in section 6.4. As in the compact case (see [84, 75] ), we have an isomorphism between DeRham and Dolbeault l 2 −cohomology up to a twist by U(Γ), the ring of operators affiliated to M(Γ) (see [60, 56] for the definition, and Section 6.4.2 for a motivation). In the sequel we will denote a Riemannian bundle and its pullback under p by the same letter. degenerates at E 2 .
If Y is a compact manifold, the spectral sequence
(where the functor p * (2) is defined in (7.2.5)) proves vanishing and non-vanishing theorems in the range related to the dimension of the homology sheaves H j (θ) of θ. One deduces the following theorem, which implies the generic vanishing theorem of Green-Lazarsfeld [37] : (X, E ⊗ Ω j ) ⊗ M(Γ) U(Γ) = 0 for |i + j − n| > dim Z(α).
The case of a punctured curve implies that a similar statement for coverings of Zariski open subsets of Kähler manifolds is false.
We next discuss quickly the point (ii). The heat equation proof of (ii) needs control on the remainder terms in the asymptotic expansion of the heat kernel e −t∆ as t goes to zero. Therefore, we add the ad hoc hypothesis that the pullback of the Dirac bundle is of bounded geometry in the sense of Definition 2.1 and state an index theorem (see Theorem 5.2.1).
The characteristic integrals are interpreted in the context of a Zariski open set Y =Ȳ \ D where D is a normal crossings divisor in a compact Kähler manifold Y . It is well known ( [23, 45, 78, 84] ) that there exists a complete Kähler metric ωȲ ,D of finite volume on Y , whose covariant derivatives of any order of its Riemannian tensor are bounded. Moreover for suitable coverings p : X → Y , the pull back metric ω = p * (ωȲ ,D ) will have a positive injectivity radius. We call such a covering a Poincaré covering. Theorem 1.1.5. LetĒ →Ȳ be a holomorphic vector bundle on the compact Kähler manifoldȲ . Assume E :=Ē |Y =Ȳ \D → Y is equipped with a Hermitian metric h, which is good in the sense of Mumford ([59] , cf. Sec. 5.3). Assume furthermore that the pullback bundle is of bounded geometry. Let p : (X, ω) → (Y, ωȲ ,D ) be a Poincaré Galois covering. Let T (Ȳ )(− log(D)) be the logarithmic holomorphic tangent bundle with respect to D (which is the dual of the logarithmic holomorphic cotangent bundle). Then χ (2) (X, E, h, ∂) :
(X, E, h)
Todd[ T (Ȳ )(− log(D)) ]Ch(Ē) .
On deduces the l 2 −Euler characteristic of p : (X, ω) → Y is equal to the logarithmic Euler characteristic of (Ȳ , D):
T (Ȳ )(− log(D))) = χ(Ȳ \ D) .
For a certain restricted class of harmonic bundles, the following fact can be shown: (log(D))) .
We refer to e.g. [6] , [84] , [53] for comparisons between the characterictic integrals with the index of various Dirac operators on Y .
The invariance by homotopy of l 2 −Betti numbers ((iii) above) is a deep property in the context of the Cheeger-Gromov theory. It is a result of Dodziuk [32] in the compact case. It was generalized to l 2 −torsion by Gromov and Shubin in [40] . We will take some care to expose its proof in the following case: Theorem 1.1.7. Let p : (X, g) → (Y, g 0 ), g = p * (g 0 ), be a Galois covering of a Riemannian manifold (Y, g 0 ) of finite volume such that g is of bounded curvature of positive injectivity radius. Let (E, h, ∇ h , ∇) → (Y, g 0 ) be a Riemannian bundle of bounded curvature equipped with a flat connection ∇. Assume that it satisfies property AC 0 (cf. Definition 2.2.2)
1
. Let E = Ker(∇) be the locally constant sheaf that it defines. Let Y 0 ⊂ Y be a compact submanifold with smooth boundary, dim Y 0 = dim Y , such that Y 0 → Y is a homotopy equivalence.
Let K(Y 0 ) be a simplicial structure on Y 0 , and let p −1 [K(Y 0 ), E] be the pullback simplicial complex with coefficients in the pull-back system. Then:
]) . (3)
Moreover the l 2 −Betti numbers are homotopy invariant, and are computable in terms of l 2 −simplicial cohomology.
Homotopy invariance of the l 2 −Betti numbers implies that the above theorem holds for any compact submanifolds Y 0 . On one hand, the l 2 −Betti numbers satisfy Poincaré-Hodge duality, as they are metric invariants, on the other hand, they vanish in degree not less than the homotopical dimension of Y . Hence: Corollary 1.1.8. Moreover, assume that Y has the homotopy type of a finite CW −complex of dimension k, then b (X, p
is vanishing if p + q = n.
Hence duality allows to deduce a vanishing theorem below the homotopical dimension (the local system p * (2) (E) is defined in (7.2.5)): Concluding remarks: A large part of this article is expository, the only new point concerns the degeneracy of the Hodge to DeRham spectral sequence for the l 2 −cohomology of Higgs bundles on covering spaces of open manifolds. The exposition given by Cheeger and Gromov uses numerous results spread in four different papers ( [15] , [16] , [17] , [18] ). Some parts of this material were discussed by other authors, in particular by Lück, Lück-Lott, and Schick ([54, 56, 55, 66] ). However, we tried to organise the material in a single linear short paper with emphasises on the main implications and subtleties.
These points understood, we tried to apply the Cheeger-Gromow theory to harmonic Higgs bundles on covering of Zariski open sets in Kähler manifolds. It has a drawback in this context. Assuming the pullback metric of the covering p : X → Y is of positive injectivity radius and bounded curvature (i.e. p is of Poincaré type) seems to be either a strong constraint or not easy to check. However elementary examples show that the previous results are not valid for arbitrary Galois coverings of Zariski open sets.
In a forthcoming article, the first named author will develop another model which allows the study of any Galois covering p : X → Y of a Zariski open subset of a compact Kähler manifold.
The first named author addresses his thanks for the highly profitable working days and nice hospitality at the Marburg Institute. Many thanks also go to the team Géometrie of Institut Elie Cartan, to the teams Analyse complexe et Géometrie and Topologie et Géometrie algébrique of Institut mathématiques de Jussieu for the numerous discussions and explanations on the subject. The second named author expresses his thanks for the kind hospitality and perfect working conditions at Institut mathématiques de Jussieu. 1) A Riemannian manifold (X, g) is of bounded geometry if a) The injectivity radius r inj (X) is strictly positive, b) all covariant derivative of its Riemannian tensor are bounded,
This last condition is equivalent to: Let r ∈]0, r inj (X)[ and y : U x,r → R n and y ′ : U x ′ ,r → R n be two domains of canonical coordinates. Then y
2) A Riemannian manifold with boundary (X, g) is of bounded geometry if a) (∂X, g |∂X ) is of bounded geometry, b) there exists r c > 0 such that e :
is a bilipschitz diffeomorphism, here ν x is the unit inward normal vector at x ∈ ∂X, c) the injectivity radius i x > r inj > 0 for all x ∈ X \ e(∂X × [0, r c [) and (b) above is true for x ∈ X :=X \ ∂X, d) the second fundamental form l of ∂X has all its covariant derivatives bounded:
Let us denote by U x,r the image of κ x .Then Theorem 2.1.2. (loc.cit.) For any r > 0, there exists a covering U (r) = {U xi,r , x i ∈X, i ∈ Z}
is a covering ofX, there exists (θ i ) i∈Z a subordinate uniform partition of unity forX:
Definition 2.1.3. (loc.cit.) Let (X, g) be a manifold of bounded geometry. i) A bundle E → X is of bounded geometry if its has trivializations t xi : E |Ux i ,r → U xi,r × F on a covering {U xi,r } i∈I by coordinates charts as above such that the transition functions g xi,
ii) A hermitian bundle (E, h) → (X, g) is of bounded geometry, if E → X is of bounded geometry, and for any k ∈ N, the component of the derivatives, up to order k of the matrices of h, in the above trivializations, are uniformly bounded with respect to i ∈ I.
Hence any tensor bundle on a manifold of bounded geometry is of bounded geometry.
) be a hermitian vector bundle on the manifold of bounded geometry (X, g). Then (E, h) is of bounded geometry, iff all the covariant derivatives of the curvature tensor of h are bounded.
The existence of a uniform partition of unity implies a Sobolev embedding property in terms of a metric connection ∇ h of a hermitian bundle (E, h) of bounded geometry: If s ≥ n 2 , then
is defined and bounded (see [68] , [63] , [73] or [77, Chap. 4 Cor. 1.4 or Prop. 4.3]).
2.2.
Approximation by metrics of bounded geometry. Concerning the existence of manifolds of bounded geometry, we quote the following important approximation theorem. (see [16, Thm. 2.5] ). We use the formulation given by Shi [70] for the uniqueness of the evolution equations (proved in [20] ) implies the preservation of the symmetries of the initial metric:
) be a complete non compact Riemannian manifold with bounded Riemannian curvature tensor ||R ijkl || ∞,M ≤ k 0 . Then there exists T > 0 such that the evolution equation ∂ t g ij = −2R ij with initial data g, admits a unique solution
We refer to formula (9) in [70] for the latter bounds. Uniqueness implies that if g is invariant by a group of isometries, then g(t) is also invariant. Hence, let p : (X, g) → (Y, g 0 ) be a Riemannian covering map with g of bounded curvature and positive injectivity radius, then g(t) is of bounded geometry (because strict positivity of the injectivity radius is preserved by the flow) and descends to a metric g 0 (t). Moreover it is known that the Ricci flow preserves the Kähler condition.
We need an analogous theorem for vector bundles. However, a general reference seems not to be known, so we make the following definition.
) on a manifold of bounded geometry has the property AC k for 1 ≤ k ∈ N, if there exists a metric h ′ with metric connection ∇ h ′ on E, strictly positive constants c 1 , c 2 such that (E, h ′ ) → (X, g) has bounded geometry, and
has bounded covariant derivatives up to order k − 1. Moreover, it is required that the symmetries of (E, h, ∇ h ) are symmetries of (E, h ′ , ∇ h ′ ).
Example 2.2.3. i) Assume that the holomorphic Hermitian vector bundle (E, h) → (X, ω), on a complete Kähler manifold, has bounded Chern curvature. Then the Hermite-Einstein flow exists and is unique (see e.g. [83] ). Moreover, assuming ω has bounded geometry, the standard estimates imply that (E, h(t)) → (X, ω) has bounded geometry if t > 0. ii) Assume that a further flat connection ∇ is given such that ∇ − ∇ h = A h is bounded. Then A h ′ = ∇ − ∇ h ′ is bounded, and from the equation
h ′ , one infers that all covariant derivatives of A h ′ are bounded.
2.2.4.
Invariance by change of metric. The reduced cohomology groups (cf. 7.1.7) associated to metrics (h, g) and (h ′ , g(t)) with the same flat connection ∇ are isomorphic Γ−Hilbert spaces. Hence most statements that hold for these cohomology groups for bundles of bounded geometry will hold under the sole hypothesis of bounded curvature on a manifold of bounded curvature and positive injectivity radius. This is the case for property (i) and (iii) of Theorem 1.1.1. However, property (ii) a priori requires the stronger assumption AC 1 : in the Hermitian case, when passing from the metric h to h ′ , the transgression formula Ch(E, h) − Ch(E, h ′ ) = dT that relates the Chern characters should be established with T bounded.
We notice that the Bergmann kernels (Schwartz kernel of the orthogonal projection from L 2 onto the harmonic spaces) associated to different metrics will not be comparable in general, for they depend on higher order jets of the metric. Nevertheless, the integrals of theses kernels on a fundamental domain for the Γ−action will be equal, because the Γ−dimension of a Γ−Hilbert module (cf. Def. 2.5.3) does not depend on its embedding.
2.3.
Example of a metric of bounded geometry and finite volume, Poincaré coverings.
has Gaussian curvature -1 and finite volume near the puncture. The pullback of the Poincaré metric ω P by the universal covering map p : 
In general, we will not specify a pair (Y 1 , D) more precisely, if the context is clear. A Poincaré covering for (Y 1 , D) restricts to a covering of bounded geometry over neighborhood of the boundary divisor D. 
is a complete Kähler metric of finite volume on Y =Ȳ \ |D| such that its pullback to a Poincaré covering X →Ȳ \ |D| is of C ∞ −bounded geometry.
Proof. We have
It is sufficient to prove that on the Poincaré covering it is of bounded geometry. Following 
ρ → Γ is injective for any chart U as in definition 2.3.1. Then the covering associated to Kerρ is a Poincaré covering. In particular, let γ i be a meridian around an irreducible component D i of D and assume D i smooth. Assume that the following implication holds:
Then any covering, which dominates the abelian covering is of Poincaré type. As example is the complement of two points in P 1 , or of three lines in general position in P 2 . ii) The following lemma proves that Poincaré coverings are final for quasi-projective manifolds. b) Let H be a very ample divisor such that ∀i ∈ {1, . . . , r}, H +D i is very ample. Let H 0 , . . . , H n be smooth elements of the linear system of H such that 
Note moreover that logarithmic derivatives of the rational functions which give the above linear equivalence may be taken as the logarithmic forms( α i,I ) constructed in the first point.
The fact that [8] , [64] , [63, Sec. 1] , (see also [57] ). Let (V, q) be an Euclidian space. The Clifford algebra C(V, q) is the algebra generated by V and relations vw
and is the interior product associated to the Euclidean structure. Since ((v ∧ .)(v .) + (v .)(v ∧ .))α = q(v)α, this action extends to C(V, q) and defines a Clifford module structure on ΛV .
A Clifford module E of C(V, q) equipped with a metric is called self-adjoint if the operators c(v) with v ∈ V are skew-adjoint. Therefore, any unit vector operates in a unitary way, because c(v)c(v) * = q(v). Let (X, g) be a Riemannian manifold, and let C(X, g) C be the complexified Clifford algebra bundle of X whose fiber at x ∈ X is C(T
iii) The Dirac operator associated to the Clifford module is D := c•∇, where c : T * X ⊗E → E, is given by the Clifford multiplication. iv) We say that E is Z 2 −graded, if it decomposes as E = E + ⊕ E − , the decomposition is orthogonal (hence preserved by the metric connection) and the Clifford action is odd: if η is the parity operator η |E ± = ±Id E ± , then
In a orthonormal basis (e 1 , . . . , e n ) for T x X, one has Ds = i c(e i )∇s. If moreover E is Z 2 −graded, then D is odd, it exchanges sections of the positive and negative eigenbundles of η. In this case D : 1) The DeRham operator: (ΛT * X, ∇ g , g) → X is a Clifford modules bundle. It is graded according to the parity of the degree. The associated Dirac operator is
T * X be the exterior multiplication and i :
2) Let (E, ∇, h) → X be a hermitian vector bundle with a hermitian connection, and let
→ X is a Clifford bundle. This construction will be extended to hermitian bundles with a flat connection.
3) The Dolbeault operator on Kähler manifolds. Let (X, g) be a hermitian manifold. Then ΛT * (0,1) X is a Clifford submodule of ΛT X ⊗C. Let (E, h, ∇) → (X, g) be a hermitian holomorphic vector bundle with Chern connection ∇ over the Kähler manifold (X, g). Then ΛT * (0,1) (X) ⊗ E → X with its product structure is a Clifford bundle. Moreover assume the metric g is Kähler, then the associated Dirac operator is
) be a Clifford bundle on the complete Riemannian manifold. Then 3) ( [22] Unit propagation speed) Let s be a compactly supported smooth section. The wave equation
with initial data s 0 = s has a unique solution. Then s t = e itD s, e itD s is smooth and compactly supported, and e itD s(x) = 0 for |t| < distance(x, support(s)). [19] ).
4) The mapping
The Sobolev space W k (S) is defined for k ∈ N as the completion of the vector space of smooth sections with compact support, equipped with the norm ||s|| k = (
′ can be identified with a set of distributional sections.
The space W −∞ is equipped with its weak topology of the dual space of W ∞ . The Schwartz kernel theorem implies that a continuous linear operator from W −∞ (S) to W ∞ (S) is represented by a smoothing kernel and the induced morphism
Proposition 2.4.4. (see [73] , [63] ) If (S, h, ∇) → (X, g) is of bounded geometry, then
is represented by a smoothing kernel which is uniformly bounded as are all its covariant derivatives.
is continuous for the topology of bounded convergence.
Γ−dimension.
Definition 2.5.1. Let M be a Von Neumann algebra on a separable Hilbert space. Let M + be the cone of positive operators in M.
1) A trace is a function
, and for all unitary u ∈ A, t(u * xu) = t(x). 2) A trace is normal, if it is continuous on limit of increasing nets.
4) A faithful trace is called finite, if t(1) < +∞ (and then M is called a finite von Neumann algebra). It is called semi-finite, if M
Example 2.5.2. 1) Let Γ be a discrete group. Let δ e ∈ l 2 (Γ) be the Dirac function at the unit element e of Γ. The trace of n ∈ M(Γ) is tr M(Γ) n :=< n(δ e ), δ e >. 2) Let H be an infinite dimensional Hilbert space. Then there exists a unique normal semifinite trace T r H defined on B(H) that takes value 1 at each one dimensional projection. Let (e n ) n∈N be an orthonormal basis of H then (see [44, Remark 8.5 .6])
3) The space of Γ−invariant bounded operators on the Hilbert space H⊗l 2 (Γ) is isomorphic to the tensor product We resume the above example.
4) Let
Riemannian bundle and let (S, h) → X be the pull back bundle. Let F be a fundamental domain for the action. Let (e n ) n∈N be an orthonormal basis of l 2 (F, S |F ). Then (e n ⊗ δ g ) n∈N,g∈Γ is an orthonormal basis of l 2 (X, S) and induces an isomorphism
If A is positive then
. (15) is equal to the integral of the pointwise trace.
estimates (20), (21) 
below). Then
. ( 
Note that h is Γ−Fredholm, iff the bounded operator h(1 + h) −1 is Γ−Fredholm. The hypothesis in ii) implies that, for ǫ > 0 small enough, the bounded operator
, satisfies that Ker(g) and Ker(g * ) have finite Γ−dimension. Hence f is Γ−Fredholm, iff it is boundedly invertible up to Γ−trace class operators.
This remark implies the following lemma which takes care of changes of norms:
All the above properties are proved in [56] , [71] , [72] , see also [68] .
3. The Kodaira laplacien on vector bundles of bounded curvature is Γ−Fredholm.
3.1. Following arguments of Donelly-Li [33] , the Bochner method allows a comparison between the heat kernel associated to a Dirac operator and the Riemannian heat kernel. Numerous estimates are known for the latter kernel. This leads easily to a generalization of Theorem 1.1.1 (i) in the introduction:
) be a Riemannian manifold of bounded curvature and positive injectivity radius. Let Γ be a discrete group of isometries such that
Assume that the curvature of h is bounded. Then
is Γ−Fredholm. 
Here ∇ * is the formal adjoint of the connection ∇ :
, and L is a smooth section of the Riemannian bundle Ω 2 (X) ⊗ End(S). The hypotheses made on the curvature of h and g imply that L is a bounded section of this bundle.
Lemma 3.1.2. Let K and H be the heat Kernels on L 2 (X) and L 2 (X, S) resp. Let -b ∈ R be a lower bound of the curvature operator being part of the Lichnerowicz-Weitzenböck formula: for all smooth section with compact support (Ls,
Proof. The proof for the case of a compact manifold with boundary (and Dirichlet condition) is given in [33, Thm. 4.3] . It is a variant of the Bochner method on estimating ∆||s t || 2 for s t a section of the bundle E → [0, +∞[×M which solves the heat equation. The arguments given in their work apply literally to a complete manifold.
It is well known (see [19] , [38] , [21, Thm. 4] , [48, Cor. 3.1] ) that the heat Kernel on a manifold with (sectional) curvature bounded by k 1 and injectivity radius bounded from below by k 2 > 0 is bounded by
for some suitable constants a, c which depend only on k 1 , k 2 and T . Estimates (20) , and (21) imply that the heat kernel of e −tD 2 is bounded. But
and the trace is positive on positive operator, hence
More than the Γ−Fredholm property was shown: For all λ > 0, the spectral projection
Lemma 3.1.3. Let A : H → H be an unbounded, closed, and densely defined self-adjoint operator such that for any bounded interval I ⊂ R, 1 I (A) is Γ−finite. Then for any bounded self-adjoint Γ−operator B, A + B satisfies the same property.
Proof. The domain Dom(A + B) = Dom(A) for B is bounded. The operator A + B is self-adjoint for (A + B) i) In the above situation, let a be a bounded section of the symetric endomorphisms bundle of (S, h) → M . Then
) be a Γ−equivariant vector bundle equipped with a Riemannian connection ∇ h and another connection ∇. Assume that the curvature of ∇ h is bounded and that ∇ h − ∇ is bounded. Then the generalized Dirac operator
) is Hermitian of bounded curvature and that E in (ii) is moreover holomorphic with Chern connection ∇ h . Then ∇ 1,0 + ∇ 1,0 * and ∇ 0,1
4. application to a Galois ∂∂−lemma Corollary 4.0.1. Let X be a complete manifold of bounded curvature and positive injectivity radius. Let Γ be a discrete group of isometries such that X/Γ has finite volume. Let (S, D, h) → X be a Γ−equivariant Dirac bundle such that the curvature of h is bounded. Let α ∈ L 2 (X, S) which belongs to Ran(S). Then there exists an r ∈ V N (Γ) injective with dense range, such that r.α ∈ Ran(S).
Proof. Apply [30, Lemma 2.15] to the bounded operator
Corollary 4.0.2 (A Galois ∂∂−lemma.). Let p : X → X/Γ be a Galois covering of a complete Kähler manifold with Galois group Γ. Assume Vol(X/Γ) < +∞, and assume that X is of bounded curvature and positive injectivity radius. Let x be a square integrable closed (p, q)−form in X, which is orthogonal to the space of square integrable harmonic forms. Then there exists r ∈ M(Γ) injective, and a square integrable form y of type (p − 1, q − 1), which is in the domain of ∂∂ such that r.x = ∂∂y .
Proof. It is similar to the proof given in [30] . We give it for the convenience of the reader. By
holds. The preceding corollary implies that there exists r ∈ M(Γ) injective with dense range such that r.x = ∆y. As X is Kähler,
Therefore, we may assume that y is of pure type (p, q). The completeness of the metric implies that y belongs to the domain of ∂ + ∂ * and of ∂ + ∂ * (see [1, Cor. 6] ) and ∆, hence to the domain of ∂∂ * , ∂ * ∂, . . .
The fact that r.x is a d−closed (p, q)−form implies that it is both ∂ and ∂−closed. Hence
This form is vanishing.
Now ∂ * ∂y = 0 implies that ∂y = 0. Also the equation
⊥ implies that ∂y = 0. Hence ∂y = ∂y = 0 and r.x = ∂∂ * y = −i∂(Λ∂ − ∂Λ)y = −i∂∂Λy .
Remark 1.
1) The more traditional proof using first a ∂−primitive, then a ∂ * −primitive was given in [30, 29] . However, it requires uniform Sobolev spaces to justify integrations by parts. Here, using the elliptic second order operator ∆, one obtains a form which belongs already to the Sobolev space of order two. 2) Note that the form y from the proof, which satisfies r.x = ∂∂Λy, is also a closed form of type (p, q). Hence, one may iterate the procedure.
3) The above results are valid in any of the uniform Sobolev spaces, that is for any current of the form
, where α is square integrable (see [29] ).
A version of the Galois ∂∂−lemma for unitary bundles with Higgs fields, and for harmonic Higgs bundles will be given in Section 6.4.
Computation of the l 2 −invariants
The heat equation proof of the index theorem needs bounds on the remainder term in the asymptotic expansion of the heat kernel e −tD 2 as t goes to zero. Hence, in this section we restrict ourselves to bundles of bounded geometry over manifolds of bounded geometry. Note however that Riemannian metric of bounded curvature and positive injectivity radius can be uniformly approximated by a metric of bounded geometry (see 2.2).
5.1.
Invariance of the super-trace.
5.1.1. Definition of the supertrace. Let E = E + ⊕ E − be a Z 2 −graded vector space. Let η be the grading operator (η |E ± = ±Id E ± ). Then End(E) decomposes into odd and even operators:
The supercommutator is defined as ab − (−1) |a||b| ba on Z 2 −homogeneous morphisms and extended by linearity. Let Tr be a trace defined on a η−stable sub-algebra of End(E). The supertrace is given by This formalism is applied to a smoothing operator f (D) on l 2 (X, S) according to Theorem 2.4.3, where
∞ (End(S)) be the restriction of its Schwartz kernel along the diagonal. The pointwise decomposition
as the pointwise super trace of this endomorphism. Γ−equivariance implies that x → Tr s k f (x, x) defines a function y → Tr s (k f )(y) on Y = X/Γ. Let F ⊂ X be a fundamental domain for the Γ−action. Results from Section 2.5 imply
. (29) 5.1.2. Invariance of the super trace. The following lemma, based on the existence of a functional calculus f → f (D) within the Γ−trace class operators, proves that the Γ−super trace of the heat operator is time independent (see e.g. [64, Prop. 11] , and [8, 16] ):
) be a Γ−equivariant Z 2 −graded Dirac bundle of bounded geometry. Let f 1 be a rapidly decreasing smooth function on R + (in the Schwartz class) such that
is independent of the function f in the Schwartz class such that f (0) = 1.
Proof. Since S → X is a Dirac bundle of bounded geometry, [63, Thm. 5.5] 
One concludes the proof using the vanishing of the super trace on super commutators.
Convergence of the Von Neumann index of D to the characteristic integral.
We recall the fundamental identity between l 2 −characteristic on X and the integral of Chern Gauss Bonnet on the manifold Y = X/Γ (for a quick review on the Murray-Von Neumann dimension, we refer to [16, Sec. 6] , and [15] ).
Theorem 5.2.1 (see Atiyah [4] , Cheeger-Gromov [16] ). Let Γ be a discrete group of isometries of a Riemannian manifold of bounded geometry (X, g) such that Vol(X/Γ) < +∞. Let (D, S) → (X, g) be a Γ−equivariant Z 2 −graded Dirac operator of bounded geometry 2 . Let P be the bounded endomorphism of l 2 (X, S) defined by the orthogonal projection onto Ker(D). Then X
A(X) is by definition theÂ−genus of the manifold and Ch(S/∆) is the relative Chern character (see [63, 4.25] for a definition).
5.2.2.
We sketch the proof of the theorem, since it is well referenced (see e.g. [63, 57] for the cocompact case). 2 is represented by a uniformly bounded smoothing kernel k t (x, y), and there is an asymptotic expansion
where the Ψ k are smooth sections of End(S)⊗Λ n T * X, locally computable in terms of the curvatures of X and S and their covariant derivatives. Moreover the remainder terms, which appear implicitly in the asymptotic expansion, are uniformly bounded in x ∈ X. Now assume that (S, D) → (X, g) is Γ−equivariant, Vol(X/Γ) < +∞. Then the terms Ψ k (x), which are Γ−equivariant, are integrable on X/Γ. Recall also that the remainder terms in the asymptotic expansion are bounded. Hence, one has the asymptotic expansion 
where Todd(Y, ω) = det In the same article, he proved that automorphic vector bundles admit such compactifications (see also [84, 41] ). Other boundary behaviors along the normal crossings divisorȲ \ Y are studied in [11] .
A smooth form on ∆ p \ D has Poincaré growth, if it is bounded in the Poincaré metric:
It defines an integrable current ( 
ii) The 1-form (∂h.h −1 ) ij is good onȲ ∩ U . We refer to the original papers [23, 59] for a proof of the following theorem: ii) If h is a good metric, then for any standard coordinate neigborhood (U, (z i )) as above,
Hence there exists at most one extension of E to a vector bundleĒ such that h is good on E. iii
The characteristic integrals given by Atiyah-Cheeger-Gromov's theorem have a good interpretation for a good metric. The next formula applies in particular for holomorphic tensor bundles equipped with the metric induced by the Kähler metric with Poincaré growth along D. Let TȲ (− log(D)) be the logarithmic tangent bundle, which is by definition the dual of the bundle of logarithmic forms Ω D ) ) is of bounded geometry.
i) Let h log(D) be a Hermitian metric on TȲ (− log(D)). Then
ii) Assume h is a good metric forĒ →Ȳ . Then
Proof.
i) Since the metric ωȲ ,D is good for TȲ (− log(D)), there exists a transgression formula
such that T is bounded in the Poincaré metric (see the argument in [59, Thm. 1.4 ]). The form T ∧ Ch(E 0 , h 0 ) is bounded in the Poincaré metric, it is therefore integrable. Gaffney's theorem applied to the complete manifold (Y, ωȲ ,D ) implies that
(see [45] ). ii) As above, one has Ch(E, h) = Ch(Ē,h) |Y + dT ′ with T ′ bounded in the Poincaré metric, hence it is possible to integrate by parts one more time in the above formula. Finally one uses the fact that characteristic integrals over compact manifolds do not depend on the metric.
Example 5.3.5.
i) Mumford proved in [59] that an automorphic vector bundle on a quotient of a symmetric domain by a net lattice admits an extension such that the quotient metric is good for the extension. Tensor bundles extend via tensor products of the bundle of logarithmic forms or logarithmic vector fields. ii) In [50, 51] , Liu, Sun and Yau introduced the Ricci and the perturbed Ricci metrics on M g , the moduli space of Hyperbolic Riemann surfaces. These metrics are equivalent to the Bergmann metric and to the Kähler-Einstein metric on M g . They prove that these metrics are of bounded geometry on the Teichmüller space (see also [69] ). One will consider theses metrics only on the finite branched covers of M g (e.g. moduli of Riemann surfaces with level structure), which are manifolds. In [52] , the authors prove that the Weil-Petersson metric and the above two metrics induce good Hermitian metrics on the logarithmic tangent bundle of the Deligne-Mumford
Example 5.3.6.
i) For any holomorphic vector bundle E, let Λ 0 E = C be the trivial holomorphic bundle. For any i > 0, the Poincaré type metric ωȲ ,D is good for
In particular χ (2) (X, C, ∂, p
Todd(TȲ (− log(D))).
ii) For any holomorphic bundleĒ →Ȳ of rank r, we have (see [36, Ex. 3 
In particular, if rank(Ē) = n = dimȲ , then (see [36, Ex. 183.7] )
Therefore:
Corollary 5.3.7. LetȲ be a compact Kähler manifold, D a normal crossings divisor, Y =Ȳ \ D, and let p : X → Y be a Poincaré covering. LetĒ →Ȳ be a vector bundle of rank n = dim X and let h be a metric on E :=Ē |Y , which is good forĒ. Then i)
ii) In particular, for the trivial real bundle C → (X, p * (ωȲ ,D )), one gets
i) If h is good forĒ →Ȳ , it induces a good metric on Λ iĒ . From (41), the l 2 −Index Theorem 5.2.1 and Grothendieck-Riemann-Roch Theorem, one gets
ii) The metric p * (ωȲ ,D ) is Kähler, hence Hodge decomposition reads
Deligne's Mixed Hodge theory (see [25] 
(3.2.2)) implies
). This gives the result. (D(0, 1) ) is independant of the metric, hence
AssumeȲ has genus g and D contains s points. The Gauss-Bonnet formula for a hyperbolic Riemann surface of finite volume ( [7, Cor. 10 
.4.4]) states that Vol ωȲ
The last equality is true, since Todd(
In particular χ (2) (X, C, ∂) belongs to 1 2 Z in general. The above corollary reproves the Gauss-Bonnet
Theorem. The equality between l 2 −characteristic and Euler characteristic is also a consequence of the homotopy invariance of the l 2 −Betti numbers (Sec. 7) because Y possesses a retract to a wedge of 2g + s − 1 circles.
As an example, letȲ be an elliptic curve and D = {P } be a point inȲ . Then Y =Ȳ \ {P } is a hyperbolic Riemann surface with fundamental group F 2 . A fundamental domain F ⊂ D(0, 1) for the Galois action is bounded by two pairs of geodesics ((z, γ 1 (z)), (γ 2 (z), γ 2 γ 1 (z))) ((z, γ 2 (z)), (γ 1 (z), γ 1 γ 2 (z))) (where a geodesic (z, w) joins the points z, w ∈ ∂D(0, 1)).
Hence F is a hyperbolic square with vertex on the unit circle. It is the disjoint union of two ideal triangles (cut along the geodesic (z, γ 2 γ 1 (z))) each of which has area equal to π in the Poincaré metric so that Vol(F ) = 2π; χ(Y ) = −1 for Y retracts to a wedge of two circles.
iz is a Poincaré covering. It is easily seen that the l 2 −reduced cohomology of (C, p
) is vanishing as c 1 (T P 1 (−2)).
We now refer to Example 6.1.4 below.
is linear in n as predicted by the
vanishes, because there are no square integrable half-forms with respect to the Poincaré metric on the unit disc.
Let (E, h) → Y be a hermitian holomorphic bundle over a punctured curve Y =Ȳ \ {P 1 , . . . , P s } such that its curvature is bounded in the Poincaré metric. According to [74, Lemma 6.1, p.749] one has
where deg(E, {E α,Pi }) is an algebraic degree defined in terms of the prolongation bundle (loc.cit. Section 3 and Prop. 3.1). One obtains the following version of Atiyah's Riemann-Roch theorem: Theorem 5.4.4. Let (E, h) → Y be a hermitian holomorphic bundle over the punctured curve Y with bounded curvature together with its derivatives. Let p : X → Y be a Galois Poincaré covering with covering group Γ (iff the class of circles around punctures are not of finite order in π 1 (Y )/p * (π 1 (X))). Then, with r = Rank(E),
5.4.5. Anticipating the harmonic bundle case. Characteristic integrals are more delicate to compute in the higher dimensional case (see e.g. [11] for this problem). For (tame) harmonic bundles, which will be defined in the next section, stronger statements can be made. i) Let (E, h, ∇) → (Y, ω) be a harmonic Higgs bundle of rank r with bounded Higgs field. Let p : X → Y be a Galois covering such that p * (ω) is of bounded geometry with positive injectivity radius. Then
and if (E, h, ∇) → (Y, ω) is a tame nilpotent harmonic bundle by assumption, then
Proof. The hypotheses made about the harmonic bundle implies that the pullback bundle by p has bounded geometry (see Sec. 6.3). The Chern character is multiplicative, hence Ch(E ⊗ Ω p ) = Ch(E) ∧ Ch(Ω p ). But the higher degree Chern forms of the hermitian holomorphic bundle (E, h) vanish: the Chern curvature is a commutator Θ h = −[θ, θ * ] with θ the Higgs field. Granted the relations θ ∧ θ = 0 and θ * ∧ θ * = 0, one infers that
since the trace vanishes on commutators. Hence Ch(E) = r and
The last formula is proved as in Cor. 5.3.4
5.4.7.
Computations of the Todd logarithmic classes. The Todd class is additive on exact sequences: If 0 → E 1 → E → E 3 → 0 is an exact sequence of vector bundles, then Todd(E) = Todd(E 1 ) ∧ Todd(E 2 ). Let N Di be the normal bundle of D i inȲ . The logarithmic tangent bundle fits into the following exact sequence of coherent analytic sheaves
, where the Todd class is extended to elements of the Grothendieck Ring K 0 (X).
The standard sequence 0
Similar computations can be done for the Chern character. In principle this approach allows the computation of the logarithmic characteristic integrals.
Main example: Tame Nilpotent harmonic Higgs bundles
6.1. Definition of harmonic Higgs bundles and associated Laplacians. Following the exposition of Simpson [75] (see also Sabbah [65] ), we consider a flat smooth complex vector bundle (V, ∇) → X corresponding to a representation ρ : Π 1 (X, x 0 ) → GL d (C). In general such a representation is not conjugate to a unitary one, and there does not exist a metric h such that ∇ is a metric connection.
Lemma 6.1.1. Let h be a Hermitian metric on V . There exists a unique metric connection has zero square, ie
The term harmonic is explained as follows ( [75, p.16] ): Let ρ : π 1 (X) → GLn(C) be the representation defined by the given flat bundle. A metric on V can be considered as a ρ−equivariant maph :X → GLn(C)/U (n). The differential ofh is given by ϑ andh is a harmonic map, iff D * g ϑ = 0.
If the metric h is harmonic, then the subsheaf Ker(D ′′ h ) of the sheaf of smooth sections of V defines a holomorphic structure E → X on V → X such that ϑ i) A Higgs bundle over a complex manifold X is a holomorphic vector bundle (E, ∂) → X together with a holomorphic map θ : 
A harmonic Higgs bundle (E, ∂, θ, K) defines a locally constant sheaf E = Ker(D K ) → X. Let E → X be the associated vector bundle with constant transition functions, and let ∇ be the flat connection on the sheaf of its smooth sections C ∞ ⊗ C E. Then E and E are isomorphic as smooth bundles. Let h be the metric induced by K. Then (E, ∇, h) is a flat bundle with harmonic metric in the previous sense, and the corresponding holomorphic bundle given by the harmonic metric is (E, ∂). Hence a harmonic Higgs bundle and a harmonic flat bundle are equivalent constructions, and the Higgs field θ is equal to the (1, 0)−part ϑ ′ h of the real self-adjoint field constructed above. After this equivalence is granted, the harmonic metrics on E and E will be denoted by the same letter. Multiplication by α defines a diagonal endomorphism α ∈ End(E) ⊗ Ω 1 . One checks that (E, ∂, α, h) is a harmonic bundle. ii) Following Hitchin [42] , let (C, ω) be a hyperbolic Riemann surface of constant sectional curvature -4. Let L → X be a square root of the canonical bundle 
These define Kodaira's Laplacians: n → U be a holomorphic coordinate chart centered at P such that D ∩U = {z 1 ·. . .·z k = 0}.
In these coordinates let
Definition 6.2.1. The harmonic bundle (E, ∂, θ, h) → Y :=Ȳ \ D is said to be tame, if the coefficients of the characteristic polynomials det(t − f j ) and det(t − g j ) are holomorphic on U .
We note that such a harmonic bundle is tame, iff there exists a holomorphic bundleẼ →Ȳ and a regular Higgs fieldθ ∈Ẽ ⊗ Ω We quote the reference [58, Cor. 22.6]: Let g 0 be the Poincaré metric on the punctured disc.
Assume that the Higgs field is given by θ := f 0 dz z with f 0 holomorphic. Let
be the sum according to multiplicities of the square of the eigenvalues of f 0 (0) ∈ End(E) z=0 . Then
Hence the Higgs field has a logarithmic divergence, iff f 0 (0) is not nilpotent. Theorem 6.3.2. Let C n be equipped with the standard Euclidean metric g e . Let C be a positive constant. The set A of harmonic Higgs bundles (E, ∂ E , θ E , h E ) → B(0, 1) such that ||θ|| ∞,hE ,ge < C (72) is compact in the smooth topology on B(0, 1) . Hence, let F hE be the curvature of the harmonic Higgs bundle (E, ∂ E , θ E , h E ) which belongs to A, then
Proof. Let v be a flat frame for E → B(0, 1). Let H(x) = (h E (v i , v j )) i,j (x), and assume v is chosen such that H(0) = Id. Let P H(r) be the set of positive definite matrices of rank r. For H ∈ P H(r), let (., .) H be the invariant hermitian product on T H P H(r). Let d be the invariant distance in the set of positive definite matrices. From [58, Sec. 21.2, and (21.19 
, where (λ j ) 1≤j≤r is the set of eigenvalues of H (see [46, Chap. 4, Sec. 1]). The above estimates imply that ∀x ∈ B(0, 1), ||H(x)|| ≤ C ′ and ||H −1 (x)|| ≤ C. We claim that condition 2.87 and 2.91 of [58, Sec. 2.11] are satisfied for the set of harmonic Higgs bundles with (72) above: By hypothesis the frame v is flat, hence the flat connection matrix A is vanishing. The Higgs field is bounded, hence also its adjoint. We showed that H and H −1 are universally bounded. We conclude the proof using [58, Prop. 2.96].
Corollary 6.3.3. On a manifold of bounded geometry, a harmonic Higgs bundle, whose Higgs's field is bounded is of bounded geometry.
6.4.
The ∂∂−lemma for harmonic Higgs bundles. Let (X, ω) be a complete Kähler manifold of finite volume and bounded curvature such that the injectivity radius is strictly positive. Let p : (X, ω) → (Y, ω 0 ) be a Galois covering with Gal(p) = Γ, and let ω 0 be a Kähler form on Y such that ω = p * (ω 0 ). Then the Galois ∂∂−lemma is true for harmonic Higgs bundles of bounded curvature. We adapt the presentation given by Simpson [75] for Higgs bundles on compact manifolds.
Lemma 6.4.1 (Principle of two types). Let (E, ∂ E , h, θ) → X be a Γ−equivariant harmonic bundle of bounded curvature. Then its Kodaira Laplacian is Γ−Fredholm. Moreover, let α be a square integrable form such that
Assume that α is orthogonal to the space of ∆−harmonic forms. Then there exists r ∈ M(Γ) almost invertible such that r.α is D 6.4.2. Let U(Γ) be the ring of operators affiliated with M(Γ) (see [60, 56] ). It is a ring of quotients of M(Γ) with respect to the multiplicative set of elements which are injective with dense range. As in [75] , we may state that the DeRham complex is formal and quasi-isomorphic to the Dolbeault complex, after tensoring with U(Γ).In the following lemmas, the group Γ acts by unitary operators on various Hilbert space X. This action defines a structure of M(Γ)−module on X and the tensor product X ⊗ U(Γ) means X ⊗ M(Γ) U(Γ). This tensor product by a ring of quotient allows to hide the twist by r ∈ M(Γ) in the various Galois ∂∂−lemmas:
(2) (E) be the set of square integrable sections of
Higgs etc. act as closed densely defined unbounded operators on A
Proof. The statement can be proven as in [75] , once the above principle of two types is known.
We define the l 2 −hypercohomology of Higgs bundles in order to rephrase the above lemma as in Green-Lazarsfeld's paper [37] . Definition 6.4.4. Let (E, ∂, θ, h) → (X, ω) be a Higgs bundle on a Kähler manifold. Assume its Higgs field is bounded so that its Chern connection is bounded. Consider the double complex of Γ−modules of Sobolev spaces (where k is big enough)
The l 2 −hypercohomology of the Higgs bundle, noted H 
degenerates at E 2 and abuts to H • DR(2) (X, E) ⊗ U(Γ). Let π be the projection onto the harmonic space, then Gr
is an isomorphism.
)) be a bounded flat Higgs field (i.e. ∇θ = 0 and θ ∧ θ = 0). Then the spectral sequence
degenerates at E 2 .
Proof. Either one mimics the proof given by Green and Lazarsfeld using that the Galois ∂∂−lemma is true for unitary bundles, or one notices that the hypotheses imply that (E, h, θ) is a harmonic bundle.
Flatness of the Higgs field is satisfied, if the data are pullbacks of a logarithmic situation. More precisely, if E → Y is a flat unitary bundle over Y =Ȳ \ D with D a normal crossings divisor, then letĒ →Ȳ be the canonical extension of E. Assume that θ is the restriction of a form in
. If E is trivial, this is a classical consequence of Deligne's mixed Hodge theory. Note, however, that the boundedness assumption implies that the residues of α are nilpotent.
The study of the above cohomology groups will be completed in the last section in the case of a compact or Stein manifold Y .
homotopy invariance and convergence
The following theorem is one of the main points in the Cheeger-Gromov theory. The pullback of a Riemannian metric, a Hermitian bundle or a local system by a covering map are denoted by the same letter.
) be a Γ−Galois covering of a complete Riemannian manifold of finite volume by a manifold of bounded geometry. Let (E, h, ∇) → Y be a Hermitian (Riemannian) vector bundle with a flat connection. Assume that it satisfies property AC 0 (2.2.2). Let E = Ker(∇) be the local system it defines. Let a CW-complex structure on Y be given, and assume K → Y is a CW-sub-complex such that K → Y is a homotopy equivalence. LetK → K be the induced covering of CW −complexes. Then
is a weak isomorphism (injective with dense range).
The proof uses three basic ingredients:
1) De Rham isomorphism theorem for l 2 −cohomology of coverings of compact manifolds with boundary -it relates the analytic cohomology with a boundary condition to the relative cohomology of a simplicial structure. 2) Convergence theorem for l 2 −Betti numbers, 3) Mayer-Vietoris sequence for l 2 −Betti numbers.
7.1. Mayer Vietoris for l 2 −cohomology. The Mayer-Vietoris sequence (Prop. 7.1.8) relates the l 2 −cohomology of three manifolds. In the first two sections we dicuss the cohomology of theses manifolds and establish a long exact sequence, in the last paragraph we use the notion of Hilbertian complexes defined in [10] . LetŪ be a Riemannian manifold with boundary ∂U , and interior U =Ū \ ∂U . Let (E, h) → (Ū , g) be a hermitian vector bundle. If s ∈ R, we denote by W s (Ū , E) the Sobolev space of order s and by [77, p.284 and p.290]). 7.1.1. Complete Manifolds of bounded geometry with cocompact boundary and cofinite volume. Let (M , g) be a complete manifold with compact boundary ∂M and of finite volume Vol(M ) < +∞. Let (Ū , g) → (M , g) be a Galois covering with Galois group Γ. We assume that for all k ∈ N the norms ||∇ k R|| ∞,Ū are finite, and if i x is the injectivity radius at x ∈ U :=Ū \ ∂U then ∃ ǫ, c > 0 such that d(x, ∂U ) ≥ ǫ ⇒ i x > c. ThenŪ is a complete manifold with boundary of bounded geometry in the sense of Schick (see [68] or Section 2.1). The proof of the following lemma is similar to the cocompact case. We give details, since it contains arguments that will often be used.
Lemma 7.1.2. (see [67, 71, 4] ) Let (E, h, ∇ h ) → (Ū , g) be a Γ−equivariant bundle of bounded geometry over a manifold of co-finite volume and cocompact boundary (which may be empty). If s ≥ n 2 , then
is Γ−Hilbert Schmidt.
Proof. Following the notations of Section 2.1, let (θ i ) i∈I be a uniform partition of unity forŪ Then supp(θ i ) is contained in a centered coordinate chart
N which are uniformly bounded in the smooth topology. We will not indicate the charts and trivializations in the following.
Let f ∈ W s (Ū , E). The uniform boundedness of (θ i ) i∈Z in the smooth topology implies that
) have a norm bounded by B s ||f || W s (B(xi,δ)) with B s independent of i and f . This is because the Sobolev norms of W s for s ∈ N are defined by an integral of differential operators applied to f , hence these are localisable.
Let C s be the norm of the usual injection of ,δ) ) . This proves that f ∈ UC k (Ū , E) (see the notations in (6)), and that moreover it vanishes at infinity.
One computes Tr Γ (I * I) (see [71, 67, 31] ): let F be a fundamental domain for the coverinḡ
is the integral over a fundamental domain of the Bergman Kernel (square of the norm of the pointwise evaluation map) of W s (Ū , E). The norm of m s,0 (see notation in (6)), is bounded by
The notion of Hilbertian complexes is defined in [10] and will be used in the following. 
Let H(Ū , ∇ min ) be the Hilbertian complex such that 
Let ρ be the pull-back by the covering map of a defining function for the boundary ∂M . We claim that Dom(∆) is equal to
Call A the above set. Then A ⊂ Dom(∆), for the vanishing of the boundary values implies that one may integrate by parts.
In order to prove the converse inclusion we use that the unbounded operator (89)) is a self-adjoint operator according to of [66, Thm. 4.25 ] . The inclusion Dom(∆) ⊂ Dom(∆ * 2 ) can be checked in an elementary way. Hence self-adjointness implies Dom(∆) = A.
We shall prove that ∆ is Γ−Fredholm: 
One uses the map
is Γ−trace for any pull-back of a bundle E →M (see [67] in the cocompact case or Lemma 7.1.2 above).
Next consider the Hilbert complex H(Ū , ∇ min ): Following the same arguments, one proves that
One concludes the proof as above.
Remark 3. The fact that the pullback of an elliptic boundary value problem on a cocompact manifold is Γ−Fredholm is proved in [67] . There, the equality of the l 2 −index of the lifted elliptic boundary value problem onŪ and index of the elliptic boundary problem onM is proved. Here we took some care to prove that the cohomology of the Hilbert complexes are associated to such kind of problems.
7.1.4. Complete Manifold of bounded geometry with a co-finite volume. Although we will only use elliptic complexes of first order differential operators, in this section, we prove that general elliptic complexes define Γ−Fredholm complexes. F ) be a Γ−invariant uniformly elliptic partial differential operator of order m on X between two Γ−invariant Riemannian bundles of bounded geometry. Then the maximal extension [P ] of P is Γ−Fredholm, and P s the extension of P from
) be a uniformly elliptic partial differential operators of order m (resp. m ′ ) between Riemannian bundles of bounded geometry. Let [P ] : L 2 (X, E) → L 2 (X, F ) be the closure of the unbounded operator defined by P with domain C ∞ 0 (M, E). Elliptic regularity and bounded geometry imply ( [73, 47] First assume that E = F and P is formally positive. Then [P ] is positive, and self-adjoint. Since P is a uniformly elliptic operator on a manifold of bounded geometry, the spectral projection
. Bounded geometry implies ( [73, 63, 66, 47] ) that the latter space embeds continuously in UC ∞ (X, E). Hence the
Let a :
) is a uniform smoothing operator). Let A(P ) s : W s (X, E) → W s+m (X, E) be the induced operator. Now assume all of the data are Γ−equivariant, and the quotient manifold X/Γ is of finite volume. Let F be a fundamental domain for the Γ−action. Then
is finite. Self-adjointness implies that [P ] is Γ−Fredholm and A(P ) is an inverse modulo Γ−trace classes operators. Since B(P ) :
Moreover, the induced operators satisfy
A s−m (P )P s − I = B(P ) s , and
for these equations hold on the dense subset C ∞ 0 (X, E). For a general elliptic operator P : Elliptic complexes were defined by Atiyah and Bott [5] .
) be an elliptic complex on a complete manifold of bounded volume. Let X → Y be a Galois covering with Galois group Γ, and denote the pullback of the elliptic complex by the same letter (E
) is of bounded geometry. Then the associated Hilbert complex
Proof. We treat first the simpler case where m i = m is constant.
Then
is elliptic and positive. Lemma 7.1.5 shows that it is essentially self-adjoint, that for all ǫ ≥ 0 the operator
Hence the Hilbert complex is Γ−Fredholm. Lemma 2.6.2 implies that the corresponding Sobolev complexes are Γ−Fredholm.
The case of non-constant degrees is proved following Atiyah and Bott ([5, Sect. 6]) using Lemma 7.1.5.
Remark 4. The treatment of general elliptic complexes on manifolds with boundary is not amenable to the above methods. The natural boundary problem given by the associated Hilbertian Laplacian does not produce an elliptic boundary problem unless geometric conditions on the boundary are imposed (see the discussion in [77, Chap. 10] ). It is important that this holds for the DeRham complex. Gromov, Henkin, Shubin [39] treated the Dolbeault complex on coverings of strictly pseudoconvex compact complex manifolds with boundary. The case of strictly pseudoconvex manifolds of bounded volume works verbatim. 7.1.7. Mayer Vietoris sequence for l 2 −cohomology. Variations of the following proposition were stated in [15, 54, 55] (see also [13] in a related context). Below we give a proof of the MayerVietoris sequence using an exact sequence of Hilbertian complexes (see [10] ) as in [14 Proposition 7.1.8. Let (E, h, ∇) → (Y, g) be a Hermitian vector bundle with a flat connection over a complete Riemannian manifold of bounded volume. Let (X, g) → (Y, g) be a Galois covering with Galois group Γ, and let (E, h, ∇) → (X, g) denote the pullback bundle. Assume that (E, h, ∇) → (X, g) is of bounded geometry. LetM ⊂ Y be a compact manifold with boundary with dimM = dim Y , and letŪ →M be the induced covering, whereŪ ⊂ X.
The following sequence of Γ−Fredholm complexes (notations of Prop. 7.1.3)
is exact and induces a long, weakly exact sequence of Γ−modules of finite Γ−dimension:
Proof. Note that ∇ min = ∇ max on X, hence (92) is well defined. We already proved that these complexes are Γ−Fredholm. We shall prove the exactness of this sequence at the middle term.
The restriction map r : X →Ū induces a surjective map of complexes r :
• ⊗ E) be the extension by the zero map (dual of the restriction operator to X \Ū ). The kernel of r is isomorphic to the sub-complex e : K → H(X, ∇ max ) with
On the last set, the operator acts in the sense of distributions. Hence, an element of K
• has the property that the extension by zero does not produce a jump of the differential along ∂U . Let ∇ e := e * • ∇ max • e be the induced operator with domain K • . It is closed and densely defined. We prove below that (K • , ∇ e ) = H(X \Ū, ∇ min ). Hence, there exists a weak exact long sequence (93), because the sequence (92) is exact, and the complexes are Γ−Fredholm.
The weak exactness of the long exact cohomology sequence under the Γ−Fredholm hypothesis is a result by Cheeger and Grovov [15] (see [71] for a detailled proof). Elliptic regularity implies that the harmonic space (90) associated to H(X \Ū , ∇ min ) is
which is one of the definitions of H .
(2) (X \Ū , ∂U, E). We now prove that (K • , ∇ e ) = H(X \Ū , ∇ min ). By Lemma 2.3 of [10] , it is enough to prove that they have equal Laplace operators. Each of these operators is self-adjoint, hence it is enough to prove that one is an extension of the other. Recall that if (T i , Dom(T i )), (i = 1, 2) are unbounded operators on the Hilbert space H, the operator T 1 is an extension of
, minimal and maximal extension are equal,
The equality (u, ∆ min v) = (∆ e u, v), valid for all (u, v) ∈ Dom(∆ e ) × Dom(∆ min ), and selfadjointness of the operators imply that ∆ e = ∆ min .
A variation of [32, 66] gives: Theorem 7.2.4. (DeRham's theorem) Let p :X →Ȳ be a covering of a compact manifold with boundary ∂Y = Y 1 ⊔ Y 2 . Let ∂X = X 1 ⊔ X 2 be the corresponding boundaries ofX. Let (J, J 1 , J 2 ) be a triangulation of (Ȳ , ∂Y ), and let (K, K 1 , K 2 ) be the lifted triangulation of (X, ∂X).
Let (E, h, ∇) →X be a hermitian bundle with a flat connection of bounded geometry, and let E := Ker(∇) be the local system it defines.
Let C
• (2) (K, K 1 , E) be the subcomplex of square integrable cochains of C • (K, K 1 , E) (the cochains that vanish on K 1 ). Then integration over the simplices of K gives an isomorphism , X 2 , E) , the space of harmonic forms with absolute boundary condition, b) H p (2) (X, E), the reduced l 2 −cohomology of the maximal extension of ∇, c) H p (2) (K, E) the reduced l 2 −cohomology of the simplicial complex K with coefficient in E.
If X 2 = ∅, I induces isomorphism between:
, the space of harmonic forms with relative boundary condition, b) H p (2) (X, X 1 , E), the reduced l 2 −cohomology of the minimal extension of ∇, c) H p (2) (K, K 1 , E) the relative reduced l 2 −cohomology of the simplicial pair (K, K 1 ) with coefficients in E.
One recall the notion of integration of a E−valued k−form α over simplices. A simplex is a C 1 −map f from the standard simplex ∆ k in R k to the manifold. The pullback of the local system to ∆ k admits a functorial trivialisation t :
This already proves the homotopy invariance of H • (X, X 1 , E). We shall give now a further isomorphism based upon sheaf cohomology. Definition 7.2.5. (see [12, 30, 35] 
is the pullback of a bundle with a flat connection onȲ . Let E ′ →Ȳ be the local system it defines, and let p * (2) (E ′ ) →Ȳ be its
It is the locally constant sheaf overȲ associated to the pre-sheaf
is a homotopy invariant, for it is well known that the sheaf cohomology of a local system is a homotopy invariant. 
Proof. We will prove the theorem under the assumption that X and E have bounded geometry, the general case is proved using the approximation theorem by metrics of bounded geometry. Let
Using the Mayer-Vietoris sequence (7.1.8) and simple diagram chasing (see the argument given in 7.3.5), the claim is reduced to
We note the following monotonicity:
′ be compact submanifolds of Y with boundary. Let i * , j * , k * be the induced morphism between the reduced cohomology of the covering spaces p
Hence, it is enough to prove the theorem for a special exhaustion (Z k ) k∈N of Y , by compact submanifolds with compact boundary, for which it is easy to find uniform upper bounds (in k) of ||K H i (X\p −1 (Z k ),E) (x)|| ∞ , the sup norms of the Bergmann Kernel of the spaces of harmonic E−valued i−forms. Indeed lim k Vol(Y \ Z k ) = 0 will imply lim k b i(2) (X \ p −1 (Z k ), E) = 0.
7.3.3.
Construction of a uniform exhaustion. Dafermos [24] proved that there exist η 0 > 0 and an exhaustion function f : Y → R, with bounded covariant derivative of any order, such that for a sequence a i → +∞ one has ||∇f || |f =ai ≥ η 0 . One may assume that a i+1 − a i ≥ 1. Let
. For the induced metric on ∂Z k , elementary computations show that
for some universal polynomial function P i (see e.g. [66] ). The following lemma applies to the covering manifold p : X → Y which is assumed to be of positive radius. Lemma 7.3.4. Let X be a complete manifold of bounded curvature of order two and positive injectivity radius. Then for all A > 0, there exists positive constants B, r which depend only on the bounds of the geometry, the injectivity radius, and A, such that for any smooth oriented hypersurface W in X with second fundamental form bounded by A, for any x ∈ W , the map (Here ν exp W x (y) is the inward normal field at exp W x (y) ∈ W .) Hence, the manifold with boundary (f • p) −1 (] − ∞, a k ]) has bounded geometry with constants appearing in Def. 2.1 independent of X.
From (104) and Lemma 7.3.4 above one infers that the bounds of the geometry ofZ k are uniform in k. Moreover, the coarea formula proves that the level sets ∂Z k = f −1 (a k ), k ∈ N, have volume which converge to zero. Remark 6. Following the above lines, one observes that an adaptation of the arguments given by Dafermos [24] reproves and simplifies the proof of the Theorem on Good Choppings of Riemannian manifolds (see [16, Thm. 2.1] , and [18] ) with bounded geometry. 
Diagram chasing proves that the following sequence is well defined and exact
We claim that lim 
7.4. Proof of the homotopy invariance. One can follow the lines of Cheeger and Gromov [16] in the proof of theorem 1.1, once a good exhaustion sequence is known to exist.
applications
We consider the particular case of homotopy invariance. Recall Definition (7.2.5) of the locally constant sheaf p * (2) (E) → Y associated to a Hermitian bundle equipped with a flat connection. Assume the inclusionȲ 0 → Y of a compact submanifold with boundary is a homotopy equivalence. There exists an exhaustion by submanifolds with boundary (Ȳ j ) j∈N such thatȲ 0 →Ȳ k is a homotopy equivalence andȲ j is the support of a subcomplex K j . Hence H i (Ȳ k , p * (2) (E)) → H i (Ȳ 0 , p * (2) (E)) (sheaf cohomology), and (110)
are isomorphisms, and the induced morphisms between reduced cohomology groups
are weak isomorphisms. The DeRham Theorem implies that b i(2) (p
The first two spaces are analytic and depend on the metric but are subject to Hodge duality. The third space depends on the simplicial structure, is combinatorial and subject to duality, the last space is computed from sheaf theory. One uses the generalized dimension function of Lück [56] .
The cohomology of the locally constant sheaf p * (2) (E) → Y is invariant under homotopy, hence H i (Y, p * (2) (E)) → H i (Ȳ 0 , p * (2) (E)) is an isomorphism. We refer to [30, Sec. 2.4] or [56] for the notion of isomorphism modulo a torsion subcategory, which is used in the following. 5 As in Prop. 7.1.8, one can see that K(Z l , Z k ) is isomorphic to Schick's complex A(p −1 (Z l − Z k ), p −1 (∂Z k ), E), whose domains are the closures of smooth E−valued forms with compact support in p −1 (Z l − Z k ) and relative condition on p −1 (∂Z k ).
Theorem 8.0.1. Let X → Y be a Γ−covering of a complete manifold of bounded volume such that X is of bounded curvature and positive injectivity radius. Let (E, h, ∇ h , ∇) → Y be a hermitian bundle equipped with a flat connection. We denote by (E, h, ∇) → X its pull back to X and assume it satisfies Property AC 0 (cf. (2.2.2)). Assume that Y is of finite topological type. Then the natural morphism
is an isomorphism mod τ dim or τ U (Γ) .
Note that no growth assumption is assumed in the space on the right, hence the isomorphism class of this space is independent of metrics on Y and E → Y . 
